In this paper, we give a new Salem number with degree 34 and trace −3, whereas the Salem number of lower degree known up to now, with trace −3, was of degree 54. The method used to find this Salem number also provides a list of 41 monic integer polynomials of smallest possible trace, irreducible, with degree 17, and having all roots real and positive. Moreover, we think that this list may be complete.
Introduction
A Salem number is an algebraic integer τ > 1 of degree n ≥ 4, whose other conjugates, except for τ −1 , have modulus 1. Its minimal polynomial P = x n + a 1 x n−1 + · · · + a n is reciprocal, i.e., x n P (1/x) = P (x). P is called a Salem polynomial of degree n=2d. The trace of τ is −a 1 . The Lehmer's Salem number is the positive root 1.176280818. . . of the polynomial: L(x) = x 10 + x 9 − x 7 − x 6 − x 5 − x 4 − x 3 + x + 1. It is the smallest known Salem number and has trace −1.
A classical question was the following: do there exist Salem numbers of negative trace below -1 ?
J. McKee and C. J. Smyth proved in 2005 that there are Salem numbers of every trace [7] and proved the following theorem.
Theorem For every negative integer −T there is a Salem number of trace −T and degree at most exp exp(22 + 4T logT ).
Then J. McKee and C. J. Smyth in 2004 [6] found a Salem number of degree 20 and trace −2. They used the relation between Salem numbers and totally positive algebraic integers. In 2011 J. McKee gave [5] a Salem number of degree 54 and trace −3 using the interlacing method [7] . In this work, we give a Salem number of degree 34 and trace −3 and it is expected of smallest possible degree.
Relations between Salem numbers and totally positive algebraic integers.
In a Salem polynomial P with degree 2d, we make the change of variable z = x + 1/x + 2. Then we get a monic integer polynomial Q of degree d whose all roots are real and positive, d−1 are in (0, 4) and one, i.e., τ + τ −1 + 2 is > 4. Its trace is 2d − a 1 . Thus, here we are interested in finding totally positive integer polynomials with degree d = 17 and trace 2d − 3 = 31. The first step is to localize the zeros of Q. We use the classical method of explicit auxiliary functions. This method was introduced into number theory by C.J. Smyth [10] to study the absolute trace of totally positive algebraic integer α of degree d which is trace(α)/d. This is the Schur-Siegel-Smyth trace problem. For an account of this method before 2006 see [1] . We use a very effective version of auxiliary function due to V. Flammang [3] to prove that the polynomials Q (degree 17 and trace 31) necessarily have their 17 roots in the interval (0, 6.69).
The problem of establishing lists of degree d monic irreducible polynomials with integer coefficients, only positive real roots and minimal trace is a classical question in Number Theory. In [2] we have obtained 11 degree 16 polynomials with trace 29 = 2 * 16 − 3 (none was found with degree 15). The computer program developped at that time was written in C++, and used the callable GLPK library which supplies a solver for linear programming. This program worked well up to degree 16. Unfortunately, for higher degrees, the program often crashed, looping infinitely with obscure messages about numerical instability in the primal simplex phase. For us, there was no need to seek further afield at that time since our objective was above all to find degree 16 polynomials with trace 29 (none was found for degree 15 and trace 27). For the purpose of this article, it became essential to be able to handle higher degrees, because the goal was to find Salem numbers, and none was found with degree 16. Then, we chose to use the implementation of GLPK in the Python framework, which allows a very good control on the progress of the calculation, via control parameters passed to the dedicated functions.
Formulation as an optimization problem
The way of expressing our problem as a linear programming problem is widely detailed in [2] , so that we just outline the approach for the reader's convenience. Considering a monic irreducible integer polyno-
a i x i having all roots real and positive, we know (see Section 1) that its roots are necessarely in the interval (0, 6.69).
For such a polynomial p, any (β 1 , . . . , β 16 ) which separates its roots is such that p(0) < 0, p(β 1 ) > 0, p(β 2 ) < 0, . . ., p(β 16 ) < 0, p(6.69) > 0. Then, the basic idea is to sample (independently and at random) a great number of 16-tuples (β 1 , . . . , β 16 ) in the interval (0, 6.69) and to use them as roots separators for potential relevant polynomials as follows: we search for the minimum of the linear function 
Specific research of a Salem number of degree 34
It can easily be seen that searching for a Salem number with degree 34 and trace −3 reduces, via the change of variable z = x → x + 1/x + 2, to search for a degree 17 monic irreducible integer polynomial with a 16 = −31, with 16 real roots in (0.0, 4.0) and one real root in (4.0, 6.69). This is just a particular case of our global framework, so that we performed specific calculations in this purpose.
Implementation and results

Implementation
We have implemented our search algorithm as a single Python program using specific libraries, namely the Linear Programming modeler PuLP (see [8] ) that calls GLPK (see [4] ), the GNU Linear Programming Kit intended for solving (among other things) mixed integer programming problems by means of the revised simplex method. The principle of the algorithm is to perform three-steps loops as follows: For the most part of samples, we get no polynomial. The obtained polynomials have integer coefficients thanks to the constraints, but they must be tested because it is not certain that they are irreducible. The tests of irreducibility are made via the GP-PARI number theory library ( [9] ). We stopped the calculations when our algorithm supplied numerous times the same polynomials. 
Results
